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ABSTRACT: The mechanisms underlying the increase in stress for large mechanical strains of a polymer
glass, quantified by the strain-hardening modulus, are still poorly understood. In the present paper we aim to
elucidate this matter and present new mechanisms. Molecular-dynamics simulations of two polymers with
very different strain-hardening moduli (polycarbonate and polystyrene) have been carried out. Nonaffine
displacements occur because of steric hindrances and connectivity constraints. We argue that it is not
necessary to introduce the concept of entanglements to understand strain hardening, but that hardening is
rather coupled with the increase in the rate of nonaffine particle displacements. This rate increases faster for
polycarbonate, which has the higher strain-hardening modulus. Also more nonaffine chain stretching is
present for polycarbonate. It is shown that the inner distances of such a nonaffinely deformed chain can be
well described by the inner distances of the worm-like chain, but with an effective stiffness length (equal to the
Kuhn length for an infinite worm-like chain) that increases during deformation. It originates from the finite
extensibility of the chain. In this way the increase in nonaffine particle displacement can be understood as
resulting froman increase in the effective stiffness length of the perturbed chain during deformation, so that at
larger strains a higher rate of plastic events in terms of nonaffine displacement is necessary, causing in turn the
observed strain hardening in polymer glasses.

1. Introduction

Glassy polymeric materials harden for large strains, i.e., the
stress needed to deform the material increases upon straining at
large deformations. This is quantified by the strain-hardening
modulus, which is the gradient of the line describing the relation
between the stress and the Gaussian strain1 in the postyield
regime. If the strain-hardening effect is large enough, it can lead
to a tough response of the polymericmaterial; thematerial breaks
only after a significant plastic strain, as is the case for polycarbo-
nate (PC). On the other hand, for polystyrene (PS), the strain-
hardening effect is usually too weak, and consequently, that
polymer breakswithin a few percent of extension.Understanding
the origin of the strain-hardening effect provides a strategy for
tailor-made polymeric materials.

Unfortunately no well-accepted theory is available for the
strain-hardening effect in the glassy state. The entropy-based
rubber theory of elasticity2,3 does describe some features of the
strain-hardening effect (such as the functional dependence on
strain), but drastically fails in predicting the absolute magnitude.
For example, its prediction for polystyrene is short by 2 orders of
magnitude.4,5

The failure of the rubber-elasticity theory is caused by the
following obvious but important difference between a rubbery
state and a glassy state. In a rubbery material, the various
conformations of a polymer-chain part between cross-link points
are easily accessible. These cross-link points can be either of a
chemical nature (such as covalent bonds) or a physical nature
(such as entanglements). In a glassy material, in contrast, a chain
is surrounded by a glassy matrix and has a frozen-in conforma-
tion, because of energetic barriers between the various states. At

rest it is trapped in a local energy minimum and when the sample
is stretched and released afterward the strained state will not
immediately relax toward the equilibrium state. Moreover, to
deform the glassy material, the energetic barriers need to be
surpassed and energy dissipation takes place. The work needed
for this irreversible energy dissipation is delivered by a dissipative
stress. This stress of dissipative nature is not present in the rubber-
elasticity theory.

The dissipative nature of deforming a glassy polymer is con-
firmedby experiments and simulations. Experimentally it is found
that for large strains (>15% for polycarbonate and >30%
for polystyrene6,1,7) more work is converted into heat (i.e.,
dissipated) than into internal energy. Recent simulations of a
polymer bead-spring model (known as the Kremer-Grest
model8) also demonstrated that the dominant part of the stress
at large strains is due to dissipation.9,10

One way of dealing with the dissipative nature of the deforma-
tion is to model the stress-strain relation in the strain-hardening
regime by two contributions.1,11 The first part is a constant
dissipative stress σY, due to the presence of energy barriers. The
second is the strain-dependent part, which is thought to be
described by rubber-elasticity theory and represents the strain-
hardening effect. In this description the strain-hardening mod-
ulus is not affected by thermally activated processes.

However, experiments demonstrate that such a description for
the strain-hardening part is invalid; also the strain-hardening
modulus has characteristics of a thermally activated process. One
observation is that the strain-hardening modulus decreases for
higher temperatures.12,13 This is in line with what one would
expect for thermal activation. Another observation is that a
higher strain rate leads to an increase in the strain-hardening
modulus,14 although for some polymers the dependency on strain
rate is almost absent.15 Also, this can be interpreted within the
barrier-crossing picture. For higher deformation rates fewer
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particles are able to overtake energetic barriers by a sufficient
thermal fluctuation and therefore more particles need to be
mechanically forced for crossing their barrier. Next to tempera-
ture and strain rate, the external pressure affects the strain-
hardening modulus as well. A higher external pressure can lead
to an increase in the strain-hardening modulus.16 Again, this
behavior is typical for thermally activated processes. All these
three observations on the strain-hardening modulus are not
present within the classical rubber theory.

What is the polymer-specific part of the strain-hardening
modulus? Experiments5 and simulations17 show that this mod-
ulus is positively correlated with the entanglement density, and
polymers with a larger Kuhn or persistence length often have a
higher strain-hardening modulus.12 It was even shown by mo-
lecular-dynamics (MD) simulations that if the persistence length
of a polyethylene-like polymer is artificially increased by chan-
ging the trans-to-gauche ratio, the strain-hardening modulus of
the resulting material increases as well.18 That example illustrates
that the strain-hardening modulus depends on the conformation
of the chain, which is frozen in the glassy state.

Strain-hardening effects are already visible for relatively
short chains. In our previous MD simulations of polystyrene16

strain hardening was observed for chain lengths of 80 monomers,
below the experimentally observed entanglement length of about
128-139 monomers.19,20 Moreover, a doubling of the chain length
to 160 monomers hardly changed the measured strain hardening
modulus.21 In that article the same finding was demonstrated for
PC. While the entanglement length of PC is about 5 monomers,20

systems with number of monomers per chain of both 10 and 64
were studied. Also here the strain hardening moduli were very
similar in the investigated strain range. These findings are in
accordance with simulations of a bead-spring polymer glass,17

where it was demonstrated that there is a gradual increase in the
strain-hardening modulus as a function of chain length for chains
up to about the entanglement length. Longer chains effectively
have the same strain hardening modulus. However, for very large
strains the saturation occurs at an even longer chain length. In a
different study of the same system, it was also observed that the
strain hardening is more correlated with changes in the end-to-end
distances of the polymer chains9 than with changes in the
macroscopic dimensions (i.e., the dimensions of the simulation
box). For example, if the size of the sample is decreasing while the
end-to-end distance of an individual chain does not, then the
stress does not increase as well. Nevertheless, the same is probably
also true for physically entangled rubbers.

Many results discussed so far are the result ofMDsimulations.
Next to benefits of usingMDsimulations, one should also bear in
mind the limitations of it, such as the limited range of length and
time scales. MD simulations are usually carried out at much
higher deformation rates than experimental ones. Nevertheless,
the observed strain-hardening phenomena are similar to those
acquired by mechanical experiments. This possibly originates
from the observation that deep in the glassy state segmental
relaxation times22 greatly exceed both the experimental and the
simulation time scales, so that for both situations one is looking in
a time window where motions appear to be frozen and hence
nonequilibrium phenomena associated with the glassy state can
be observed.

The increase in stress for larger strains in combination with the
dissipativenatureof the stress in the strain-hardening regime suggest
that there is an increase in the rate of energy dissipation, i.e., more
energy per unit of strain is needed for more stretched samples.
This picture is supported by a simulation study of a polymer
bead-spring model.9 It was observed that the dissipative stress
increases with larger strain and that at zero temperature the stress
was directly correlated to the rate of changes in Lennard-Jones (LJ)
binding. Also the rate of conformational transitions is found to

increase in the strain-hardening regime.23 The reason for the rate
increase, however, remains fuzzy. It has been observed that chains
are pulling taut between entanglements,10 but a physical picture
underlying the increase in the rate is lacking.

There is not yet an answer on the question why the energy-
dissipation rate is increasing with increasing strain (leading
ultimately to an increase in the strain-hardening modulus). In
this paper the aim is to shed light on that problem, by simulating
two glassy polymers that vary greatly in their strain-hardening
moduli, viz. polystyrene (PS) and polycarbonate (PC, of which
the modulus is more than a factor of 2 higher24) and studying
their behavior. Previous molecular-dynamics simulations of our
group16,21,25 have reproduced these experimental findings quali-
tatively, with a strain-hardening modulus of polystyrene that is
much lower than that of polycarbonate. Such simulations open
ways to look at the molecular level beyond the limitations of the
currently available experimental techniques. In the present study
we focus on indentifying themicroscopicmechanisms responsible
for the observed difference in the strain-hardening modulus. The
study is different from previous ones in that it brings in new
information about the role of chemical details that cannot be
addressed by bead-spring models, that new quantities such as
the rate of nonaffine displacements are analyzed and that the
behavior of quantities during deformation are understood qua-
litatively and sometimes even quantitatively (such as the defor-
mation of the intrachain distances).

The paper is organized in the followingmanner. Aspects of the
simulations are given in section 2. Statistical quantities of the
chain structure are introduced in section 3. The intrachain length
scales for the two polymers can be found in the appendices A and
B. In section 4, the stress-strain relation for both polymers PS
and PC is presented and a difference in strain-hardening effect is
observed, the effect being larger for PC. In section 5 the important
role of nonaffinity is discussed. It is shown in section 5.3 that also
the average nonaffine particle displacement, a measure for the
amount of plasticity, is larger for PC. To ascribe strain hardening
to it, more evidence is needed. This is done in section 5.4, where a
measure for the rate of nonaffine displacements is calculated. It is
found that this rate increases with larger strain, and that the
increase is larger for PC. The nonaffine displacements of particles
are caused by restrictions and hindrances, in particular from
covalent and steric interactions. It is demonstrated in section 5.5
that, along with nonaffine self-displacements of particles, the
inner length scales of a chain also change in a nonaffine way. This
is because at the scale of the Kuhn length a chain cannot be
stretched any further. However, due to the stretching of the chain
at larger strains, the effective stiffness length of a perturbed chain
increases, as shown in section 5.6. Such a larger stiffness length
generates a larger rate of nonaffine particle displacements, there-
by causing more energy dissipation and hence a larger stress, i.e.,
strain hardening. The conclusions based on these results are given
in section 6.

2. Simulation Details

The united-atom force fields in use for the two polymers under
investigation, PS and PC, have been used in our previous studies
(see, e.g., refs 21, 16) and are given in refs 26, 27. Both monomer
units are shown in Figure 1. The systems consist of 8 chains of
80monomers each for polystyrene and 64 chains of 10monomers
each for polycarbonate. The total amount of united atoms per
sample is therefore 5128 for polystyrene and 11904 for poly-
carbonate. Onemight think that these chain lengths are relatively
short. However, as came forward from our previous25 and other
studies17 and as mentioned in the introduction chains of this
length show strain hardening comparable to much longer chains.
Hence, the system under study should give relevant insight in
hardening.
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The equilibration procedure for the two polymer melts is
described in ref 26. The results to be presented for polystyrene
are based on samples which are cooled fromT=540Kwith a velo-
city of -0.01 K ps-1 until T=300 K, about room temperature.
Apart from the initial yield peak16 the results based on these
samples are very similar to those of the samples cooled with a
temperature ramp of-0.1 K ps-1, especially with respect to strain
hardening. The polycarbonate samples have been cooled toward
T=300 K with a velocity of-0.05 K ps-1. Initial densities at T=
300 K prior to deformation are 1.01 g cm-3 for polystyrene and
1.36 g cm-3 for polycarbonate.

For the simulated atactic-polystyrene system the glass-transi-
tion temperature is found to be around 380 K and for poly-
carbonate around 433K,21 so that both polymer systems are deep
in the glassy state around room temperature. The presented
deformation results are averaged over 15 samples for polystyrene
and 5 samples for polycarbonate. For comparison isotropic,
nondeforming, simulations at T=300 are carried out with the
same initial configuration. In that case results are averaged over 5
samples for both PS and PC.

The deformation protocol is identical to the one given in ref 16.
Here we study only the uniaxial-stress extension molecular
dynamics simulations, in which the box size in the extension
direction increases with a velocity of L

.

)= 0.01 Å/ps, which
corresponds to an initial deformation rate of roughly (2-3) �
108 s-1. Simulations with a constant deformation rate of
108 s-1 have been carried out as well, but they do not lead to
different conclusions and are not presented here. The stress in the
two other directions are controlled by the Berendsen barostat, in
which the ratio of the relaxation time to the isothermal compres-
sibility is taken to be τP /β=0.011 Pa s.

3. Intrachain Distances and Equilibrium Chain Structure

In the present study, the chain structure plays an important
role. This structurewill be quantified bymeasuring the intrachain
length scales. We will therefore first introduce the relevant
statistical quantities. The stiffness of a chain can be characterized
by the characteristic ratio C¥, the persistence length lp, or the
Kuhn length lK of a chain. The characteristic ratio is defined as

Cn ¼ Æjrnj2æ
nl2b

ð1Þ

with the asymptotic denoted as C¥. Here |rn| is the distance
between two segments separated by n bonds, and lb is the bond
length.28 The average is taken over all possible internal segment
separations. A property closely related to Cn for describing the
extent of the polymer, but which has the additional benefit of not
depending on the choice of the (virtual) bond length, is Æ|rn|2æ/Mn,
with Mn the molecular weight of n segments.

The persistence length lp canbe defined as the integral of a bond
correlation function.29 In the limit of infinitely long chains

the persistence length is related to the characteristic ratio of the
chain as lp ¼ 1

2
ðC¥þ1Þlb.28

Another way to determine the stiffness of the chain is to
measure the Kuhn length30,29

lK ¼ lim
n f ¥

Æjrnj2æ
rn,max

 !
ð2Þ

where rn,max is the length of the chain in its maximally extended
form. The Kuhn length can be interpreted as the bond length of
an equivalent freely jointed chain, which has the same maximal
extension rn,max and the same root-mean-square (rms) end-to-end
distance Æ|rn(εeng)|2æ1/2 as the real chain in the limit of nf ¥.29,28

To be able to comparewith experimental results, the asymptotic
C¥ will be determined. Due to the relatively short chain length an
extrapolation method should be used. To do so, two different fits
will be used to describe the simulation results. The first one is

Cn ¼ C¥ð1-R0n-1=2Þ ð3Þ
with R0 a fit parameter. This is motivated by the recent simulation
and theoretical result of Wittmer et al.31 (theoretically demon-
strated earlier by ref 32), where they show that due to long-range
interactions in dense polymer systems the first-order correction to
the ideal-chain limit is of O (n-1/2) in the melt.

The lowest-order correction from C¥ for models of chains
without excluded volume such as a chain with fixed bond angles
and independent bond-rotational potentials28 is O (n-1). The
second fit-function we apply is therefore

Cn ¼ C¥ð1-R=nÞ ð4Þ
Although this result is not strictly valid in themelt, it is commonly
used in other studies, such as ref 33. Results for both polymers are
shown in appendix B.

Also in the determination of the Kuhn length deviations occur
for relatively short chains when using the definition of lK, eq 2.28

An alternative we will use is to map the internal distances on the
prediction for the worm-like chain (WLC), also known as the
Porod-Kratky chain.28,30,34 The mean square end-to-end dis-
tance for the Porod-Kratky chain with contour length Lc and
stiffness length ls is

28,30,34

ÆjrðLcÞj2æ ¼ ls Lcþ ls

2
exp -

2Lc

ls

� �
-1

 !0
@

1
A ð5Þ

In the limit of a very large contour length,Lc/ls. 1, this equation
reduces to Æ|r(Lc)|

2æ=lsLc(1þO (ls/Lc)). In combination with eq 2
and Lc=rn,max it follows that ls=lK. In addition, the relation lp=
ls/2 holds for the WLC.28 The reason why we prefer to use the
stiffness length over the Kuhn length is that we use it as a fitting
parameter to describe deformed chains. In principle, eq 5 would
change if a melt of chains is considered instead of an ideal worm-
like chain, just as the extrapolation formula for the characteristic
ratio changes from eq 4 to eq 3. This is, however, beyond the
scope of the present study.Upon calculating theKuhn length, the
maximal extension for each polymer needs to be determined -
these results are presented in appendix A. The Kuhn lengths of
both polymers are given in appendix B.3.

4. Deformation and strain hardening

During constant-velocity uniaxial-stress extension simulations
of PS and PC at T=300 K the vonMises equivalent true stress35

σ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
ðσx -σyÞ2þ 1

2
ðσy -σzÞ2þ 1

2
ðσz -σxÞ2þ3σxy

2þ3σyz
2þ3σzx

2

r
ð6Þ

Figure 1. Monomer units of (a) PS and (b) PC.
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is measured as a function of engineering strain

εeng ¼ Ljjðt2Þ=Ljjðt0Þ � 1

(with t0 the start time of deformation and t2 the strained state;
t1 will be used for the initial strained state aswill be explained later
on). The result is shown in Figure 2 and is fitted by the Gaussian-
based stress-strain relation

σ ¼ σYþGhðλ2 -λ-1Þ ð7Þ
with the draw ratio λ=1 þ εeng. Here the two fit parameters Gh

and σY are the strain-hardening modulus and the offset yield
value, respectively.

The so-determined strain-hardening modulus of PC is 24 MPa,
about twice the PS value, 11MPa, while the offset yield values are
similar (PC: 72MPa; PS: 86MPa). They complywith our previous
simulation results under slightly different conditions.21 Experi-
mental strain-hardening moduli are relatively close to the present
results,Gh=9-13MPa for polystyrene5,24,36 andGh=23-29MPa
for polycarbonate;13,24,37 see also Table 1. As discussed in more
detail before,16,21 we can conclude that there exist a good agree-
ment with experimental results, despite the obvious
(counteracting) differences in deformation and cooling rates.
Reasons for it may be the limited dependence of the strain
hardeningmodulus onboth rates. In case of PC it is experimentally
observed38 that the slope of the postyield stress-strain curve
hardly changes, when the strain rate changes by more than 6
orders of magnitude. By means of MD simulations of PS16 we
observed that the only significant change upon changing the
cooling rate by 1 order of magnitude occurred near the yielding
regime - the post yield behavior did not seem to be affected.

What is the reason for the high strain-hardening modulus of
polycarbonate over polystyrene and what causes strain hard-
ening? That is the focus of the current study. The entanglement
picture from rubber-elasticity theory predicts that the strain-
hardening modulus equals Gh=FkBT/Me.

39 Here F is the mass
density, andMe is themeanmolecularmass of the chain segments
between effective entanglement points. This formula gives for
polystyrene an estimation which is smaller by a factor of about
100 compared to experimental results.4,5 It only implies that the
strain-hardening modulus of PS is lower than that of PC. This is
primarily because the molecular weight between effective entan-
glements in polystyrene is higher than in polycarbonate (PS, T=
490 K, Me=18 kDa; PC, T=298 K, Me=1.6 kDa20). Here we
want to take a different route in shedding more light on the
difference in the strain-hardening moduli and look at nonaffine
responses instead of entanglement effects.

5. The Role of Nonaffinity

5.1. Principle of Nonaffine Displacements. If amacroscopic
sample is stretched in one direction (||) by, e.g., 100%, the

distance between the two ends of the sample is doubled. If the
stretchingoccurs purely affinely, then this is alsovalid for every
two points on the stretching axis. At a microscopic level this
affine response will break down due to particle-particle
interactions such as connectivity and excluded-volume inter-
actions. For example, it is highly improbable that a stiff
covalent bond will be doubled in size. A more likely scenario
is that the covalent bond retains its length and that particles
tend to slip or slide along each other. Slippage causes friction
and hence energy dissipation. One of the causes of friction is
that Lennard-Jones bonds are broken and reformed. Another
source is that conformational transitions occur. As long as the
sample deforms approximately homogeneously, the deviation
of each particle trajectory from the affine response results in a
redistribution of the LJ bonds and in conformational transi-
tions. Both frictions have, in general, a different weight in the
nonaffine response. Although conformational transitions play
an important role,23,40 they are definitely not the sole friction
effect causing strain hardening: in bead-spring models there
are no conformational transitions yet strain hardening is
still observed.17 We therefore discard the different weight in
the nonaffinity in the present study. In a subsequent study
we may study these weights into more detail. To recapitulate,
the average deviation from affinity is a measure for these
frictions, so in turn a rough estimate of the dissipated energy,
implying a measure of the plastic response and hence experi-
enced stress of the material. In ref 41, it was demonstrated
that nonaffine displacements are directly correlated to the
experienced stress in a simple glass, thereby confirming this
reasoning.

The assumption of homogeneous deformation can be
made if no localization takes place. In our simulation
method we are capable of applying an affine rescaling
deformation (with a nonaffine response), so that localization
is tempered and it is possible to measure the intrinsic stress-
strain relation. At large strains localization does happen,
because of fracture. Nevertheless, the first fractured sample
for the studied polystyrene glasses occurs solely for strains
larger than εeng=0.8. Also for polycarbonate large cavities
start to form only after this strain value. Therefore, we
assume that the deformation is approximately homogeneous
until εeng=0.8.

5.2. Calculation of Nonaffine Displacements. In view of the
suggested important connection between the plastic stress
and the nonaffine displacement, we will calculate the latter.
We adopt the definition being studied in our previous work21

and other simulations of nonpolymeric systems.41 Results of
a different definition of the nonaffine displacement also
exist,17 but that definition has the strange effect that that
nonaffine displacement can show an increase in nonaffinity
while there is no nonaffine displacement going on.42 There-
fore we prefer the current definition. Basically, the local
convective velocity arising from the global stretch is sub-
tracted from the particle displacements. The subtraction is
carried out for all three axes, as the perpendicular directions
(^1 and ^2) are also affected by the deformation. The
component along one axis is denoted by μ, with μ=x, y, z.
Upon fixing the origin, the convective velocity at a certain
position rμ at time t is (without applying the Einstein
summation convention)

vμconvðtÞ ¼ rμðtÞ
LμðtÞ

LμðtþΔtÞ-LμðtÞ
Δt

� �
ð8Þ

in the limit ofΔtf 0. HereLμ(t) is the time-dependent length
of the box along one axis represented by μ. The affine part is
removed by constructing a “corrected” particle trajectory

Figure 2. The von Mises equivalent true stress σ vs strain εeng for PS
and PC. Solid lines are fits to eq 7. Fit range is εeng=0.3-0.8. Note that
the strain-hardeningmodulusGh for PC (24MPa) is about twice that of
PS (11 MPa), while their extrapolated offset yield values σY are about
the same (PS, 86 MPa; PC, 72 MPa).
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rc(t) from the original one ro(t) by subtracting the convective
velocity vconv(t) at the position ro(t)

rcðtþΔtÞ-rcðtÞ ¼ roðtþΔtÞ-roðtÞ-vconvðtÞΔt ð9Þ
For the corrected trajectories we will only analyze differences
in positionsof the sameparticle, hence the initial position rc(t0)
is irrelevant. The calculation of the nonaffine part of the
particle’s trajectory is carried out on the stored trajectory file,
in which snapshots are saved everyΔt=8ps. In principle eq 9
is only valid forΔtf 0.Nevertheless, artificially increasing the
time step between frames by only processing the odd frames
does not lead to any significant difference in the final acquired
corrected trajectory.Note that the result of this method, apart
froma constant term, is independent of the choice of the origin
t0. Note also that in case of a constant-volume simulation
without any deformation the convective velocity equals zero
making the corrected particle trajectory equal to the original
particle trajectory. In this situation themean-square nonaffine
displacement ÆΔrc(t)2æ=Æ(rc(t0þt)- rc(t0))

2æ obviously equals
the normalmean-squaredisplacement ÆΔro(t)2æ. For simplicity
we will drop the “c” when no confusion arises.

5.3. Isotropic vs Deformed Nonaffine Bead Displacements.
In this section, we study the nonaffine bead displacement
between two states. For the deformed samples one state will
be the unstrained state

ÆΔrðεeng, 20Þ2æ1=2 ¼ ÆðrcðεengÞ-rcð0ÞÞ2æ1=2 ð10Þ
Here εeng,20= εeng,2- εeng,0= εeng- 0= εeng. The subscript 0
is included explicitly to indicate that ÆΔr(εeng,20)2æ1/2 also
depends on the unstrained state. Previous studies16,17,21 cal-
culated this nonaffine displacement as well (or a different
definition, see section 5.2) to study the strain-hardening
behavior of a polymer model, albeit no distinction was made
between different groups of atoms. It will be shown that in the
chemically detailed model the behavior of various groups of
atoms differs substantially and that this brings in new infor-
mation that cannot be addressed by the bead-spring model.

The nonaffine displacement ÆΔr(εeng,20)2æ1/2 for both poly-
mers during uniaxial extension is shown in Figure 3. Also
shown in the same figure is the root-mean-square transla-
tional displace-ment for the undeformed case at the same
temperature (denoted by “iso”), by plotting the data at equal
time separation t2- t0=t20=τdefεeng,20.Here τdef is the time it
takes to deform the material to a 100% strain increment.

Notice that after initial yield the deformed samples have a
large increase in nonaffine displacement as compared to the
isotropic case. The mean-square displacement for the iso-
tropic case hardly rises in this region (bounded to about 1 Å
for PS and 2-3 Å for PC); a consequence of the caging of the
particles deep in the glassy state (studied inmore detail in our
previous studies, refs 43 and 16). The increase of nonaffine
displacement in the deformed case implies that the particles
have moved outside their original cages.

When comparing polycarbonate to polystyrene the fol-
lowing is visible. Up to about 40% deformation the non-
affine displacement of all (united) atoms of PS is about equal
to that of PC. Afterward, the nonaffine displacement of
PS diminishes as compared to PC. Also apparent is the
difference between the movement of all atoms and the

movement of only a subset of atoms (the less mobile back-
bone atoms). For polycarbonate the difference is small; the
average displacement of all atoms does not differ much from
the average nonaffine displacement of only theCCdO and the
CT atoms (the two least mobile backbone atoms in the
isotropic state, with CCdO in the carbonate group and CT
the middle carbon of the propane part of the monomer, see
Figure 1b). For polystyrene, however, a large difference is
present between the movement of all atoms and that of the
subset (the backbone united atoms CH, CH2, and the chain
ends CH3, see Figure 1a).

An interpretation of this is that the side-group phenyl rings
in polystyrene dominate the generation of initial plastic flow.
However, these side-group phenyl rings can relatively easily
turn in the plane perpendicular to the backbone vector
pointing from one monomer to its neighbor, without dis-
turbing the conformation of the backbone too much; there-
fore the phenyl rings will not drag along the backbone for all
nonaffine displacements. This could also explain the rela-
tively large difference between the nonaffine displacement of
all atoms and the nonaffine displacement of the backbone in
PS. We will see later that it is just the backbone that causes
the strain-hardening effect. As the contribution of the back-
bone to the total nonaffine displacement is only minor in PS,
the resulting overall plasticity is less affected by the back-
bone. In polycarbonate, in contrast, no real side groups are
present, and the available phenyl rings are within the back-
bone; therefore any motion of those rings (apart from
rotation around their own axes) will lead to backbone
motion and any increase in the backbone plasticity will also
lead to a large increase in the overall plasticity.

5.4. Rate of Nonaffine Bead Displacements. The nonaffine
displacement as shown in Figure 3 and discussed in the
previous section is calculated by comparing a sample at a
strained state with respect to the state at zero strain. This
nonaffine displacement increases with increasing strain.
However, also for a nonpolymeric glassy material this is
what one would expect, despite the absence of any polymeric

Table 1. Strain Hardening Moduli of Present Simulation Results and Literature Experiments

property polymer this work condition experiments condition refs

Gh (MPa) PS 11 ext 9, 11, 13 compra 5, 24, 36
PC 24 ext 23, 26, 29 ext,b compr and ext,c comprd 13, 24, 37

aε·true = -10-3, -10-3 and -10-2 s-1 respectively. bε·true = 10-2 s-1. cFor both |ε·true| = 10-2 s-1. dε·true = -10-3 s-1.

Figure 3. Root-mean-square nonaffine united-atom displacement as a
function of strain for polystyrene (filled markers) and polycarbonate
(open markers) under the influence of active deformation (indicated
by “X”). For comparison, the isotropic (indicated by “I”) root-mean-
square displacement at equal time separation (t2- t0=τdefεeng,20) is also
shown. A distinction is made between all united atoms (a) and only the
least mobile subset of them (s). See text for details.
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strain hardening. See, e.g., ref 41, where the nonaffine
displacement for an atomic LJ glass increases in a diffu-
sion-like matter under the influence of shear. Yet another
cause is that of thermal motion. As the deformation is at a
constant engineering strain rate, strain differences corre-
spond to time differences. Nonaffine displacements can
therefore also be regarded as being a function of time. In
the undeformed, isotropic case, the convective velocity is
zero so that the nonaffine rms displacement is equal to the
normal rms displacement.And this normal rms displacement
simply increases due to thermally activated motion. So even
for the undeformed, isotropic case the root-mean-square
nonaffine displacement is increasing with time.

We therefore need a differentmeasure to see evidence for a
connection between the rate of energy dissipation and non-
affine displacement. We will look at the plasticity rate, i.e.,
the rate of nonaffine displacement. As will be discussed later
this will not increase for particles in a simple glass under-
going a steady-steate deformation and for diffusing particles
in equilibrium and therefore isolates the polymeric effect.
Previous MD studies on strain hardening effects in polymer
glasses asmentioned in the previous section have only shown
results of nonaffine displacements and not of the rate of
nonaffine displacements.

The practical implementation of detecting the rate of non-
affine displacement as a function of strain is to compare the
nonaffine displacement at different origins, in which each
origin corresponds to a different strained state “1” rather than
only the undeformed state “0”. The nonaffine displacement is
thena functionofboth theorigin “1” (denotedby εeng=λ1-1)
and the relative separation “2-1” (denoted by εtrue,21 =
εtrue,2 - εtrue,1=ln(λ2/λ1))

ÆΔrðεeng, εtrue, 21Þ2æ1=2 ¼ Æðrcðλ2Þ-rcðλ1ÞÞ2æ1=2 ð11Þ
The nonaffine displacement is taken as a function of the rela-
tive increase in strain

εtrue, 21 ¼ ln
Ljjðt2Þ
Ljjðt1Þ

 !

instead of a function of the difference in engineering strain

εeng, 21¼
Ljjðt2Þ-Ljjðt1Þ

Ljjðt0Þ
to compare relative extensions instead of absolute ones at an
equal footing.Obviously, the latter is not invariant under a shift
in t0.

Equation 11 also corresponds to looking at the nonaffine
MSD for various time origins, because, again, differences in
strain correspond to differences in time. In an equilibrium
isotropic situation the normal rms displacement (and hence
the rms nonaffine displacement)would be independent of the
time origin, so that by looking at different origins any
possible increase would be solely due to the increase in
plasticity with strain, and not a result of stationary plasticity
or equilibrium thermal motion. In a glass, there is an aging
effect and the rms nonaffine displacement does also depend
on the time origin, but the simulation results show that for PS
no systematic increase with time is present and for PC there is
even a decrease in the nonaffine displacement with longer
aging time for a constant time interval (which is to be
expected16).

The rms nonaffine displacement ÆΔr(εeng,εtrue,21)2æ1/2 is a
two-dimensional function. We therefore plot it both as a
function of the relative extension εtrue,21 for various values of
the origin εeng (Figure 4) and as a function of εeng for various
values of εtrue,21 (Figure 5, which is ameasure for the change in
the rate of nonaffine displacement as a function of εeng). The
motive is that some effects turn out to bemore clearly visible in
one of the two representations. In plotting the rms nonaffine
displacement as a function of εeng for various values of εtrue,21
one point should be addressed. The saved trajectory file has a
finite time step between frames, so that there is not always a
pair of two frames available for a given value of εtrue,21. As the
first frame is already determined by εeng, the second frame is
chosen as that which renders the closest value of the required

Figure 4. The rms nonaffine displacement as a functionof relative extension (true-straindifference εtrue,21) for various values of the origin εeng for (a) PS
and (b) PC.At a later stagemore nonaffine displacement is necessary to deform thematerial. This effect is stronger for polycarbonate, as can be seen by
the spread in the curves at large εtrue,21.

Figure 5. Measure for the rate of nonaffine displacement as a function
of strain εeng at various separation strains εtrue,21 for PS (markers) and
polycarbonate (solid lines). Note that it is increasing with strain and is
always higher for PC.
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εtrue,21. If the εtrue,21 from this pair of frames deviates by more
than 5% from the requested εtrue,21 the point is discarded.

A few observations are visible when looking at the non-
affine displacement as a function of εtrue,21 and εeng for both
polymers in Figure 4 and Figure 5. We first focus on the
initial yield regime. It clearly has a large effect on the increase
in nonaffine displacement. The nonaffine displacement at
small relative strains εtrue,21 increases substantially as a
function of εeng during the first few percents of deformation,
i.e., up to the initial yield point. For εeng beyond the initial
yield region the relative increase is much lower. Also, the
increase in the nonaffine displacement as a function of εtrue,21
for values of εtrue,21 smaller than about 0.05 is steeper for
larger εeng.

These observations near yield can be understood by the
following picture. Straining the unstrained sample is initially
mostly elastic. This is supported by the simulation result of
our previous study16 that most of the initial applied work is
converted into internal energy. The elastic response causes
only a small deviation from an ideal pure affine response as
no significant structural rearrangements occur. After initial
yielding rearrangements do occur and the mobility of atoms
is at an enhanced level, the fluctuations around the ideal
affine trajectory are in this case larger than in the unde-
formed case. As the average rms difference between two very
fluctuating signals (i.e., between two strained samples) is
larger than the average rms difference between a very
fluctuating signal and a less fluctuating signal (i.e., between
the unstrained and the strained sample), the nonaffine dis-
placement for small values of εtrue,21 is expected to be larger
after yield.

Let us now focus on the second regime, that of strain-
hardening. Here the first and most important observation is
that at larger values of εeng more nonaffine displacement is
indeed needed to establish the same relative extension.
Because one of the main aims of the current study is to
explain this effect, we dive deeper in the underlying reason in
the next sections, 5.5 and 5.6. To illustrate the effect more
clearly, consider the data of polystyrene in Figure 4. In order
to stretch the sample by 22% (ln(λ2/λ1)=0.2) about 3.2 Å of
nonaffine displacement per united atom is necessary if the
initial state is the unstrained one. However, if the initial
state equals εeng = 0.15, then about 3.8 Å of nonaffine
displacement is needed to increase the sample in the
extension direction by the same relative amount. This value
of nonaffine displacement keeps on increasing in the
strain-hardening region. The particles are moving more
nonaffinely at larger strains, implying that larger detours
or deviations around the affine response are unavoidable at
larger strains. This relative increase in nonaffine displace-
ment with increasing strain is larger for polycarbonate than
for polystyrene, which can be clearly seen by the larger slope
for PC of the curves in Figure 5 (note that it is much clearer
than when one only studies the evolution of the nonaffine
displacement, as depicted in Figure 3). The polymer struc-
ture apparently imposes the magnitude of detours from
affinity.

Another observation in the strain-hardening regime is that
the slope of the curves in Figure 5 increases with εtrue,21. Apart
from the absolute value (larger values of εtrue,21 simply means
a larger separation between the two strained states), the slope
of the curve normalized by the rms nonaffine displacement at
a fixed value of εeng is also increasing with εtrue,21 (not shown).
The origin might be the influence of thermal motion. Small
strain differences correspond to small time scales. For these
small time scales nonaffine displacements in the stressed state
are comparable to the normal thermally activated displace-

ments in the undeformed case and the pure nonaffine increase
is somewhat overshadowed by thermal motion. At larger
strain differences εtrue,21 the relative contribution of the
thermal motion is smaller, resulting in a more pure nonaffine
increase. A similar situation is present when one considers a
vector in space. If one component of the vector is increasing
and other components are constant and nonzero, the relative
increase in the length of that vector is less than the increase in
the component. If, on the other hand, other components are
negligible, the relative increase in the length of the vector is
equal to that of the component. Therefore, one expects that
for larger strain differences of εtrue,21, in which the relative
contribution of the thermal motion is smaller, the resulting
slope is higher.

It turns out that there is even a quantitative agreement
between the measure for the rate of nonaffine displacement
and the amount of strain hardening.We apply aGaussian fit
similar to eq 7 for the stress but now for the rate of nonaffine
MSD f=Æ4r(εeng,εtrue,21)2æ as a function of λ2- λ-1 (with λ=
1þ εeng and only taking into account values larger than εeng=
0.3) for εtrue,21 = 0.05. The resulting fit equation is for
PS f= 4.5 Å2 þ 0.61 Å2(λ2 - λ -1) and for PC f= 4.8 Å2 þ
1.7 Å2(λ2 - λ -1). Observe that the ratio of the slope to the
offset is very close to the same ratio of the strain hardening
modulus to the yield modulus Gh/σY, eq 7. The former is for
PS 0.13 and for PC 0.35, while the latter is for PS 0.12 and for
PC 0.33, thereby confirming the link between the slope of the
rate of the squared nonaffine displacement and the strain
hardening modulus.

The current results regarding the increase in the rate of
nonaffine displacement for the two polymers in the strain-
hardening regime are in accordance with two previous
studies on polymers where also an increase in a different
mobility-related rate is observed during deformation. In a
polyethylene-like model polymer23,40 a steady increase in the
torsion transition rate can be seen in the postyield regime (the
strain-hardening region). A study on a polymer bead-spring
model at zero temperature9,10 revealed that the rate of chan-
ges in LJ binding is also increasing in the strain-hardening
regime and, moreover, that it is directly correlated with the
dissipative stress at zero temperature. These observations
suggest that such rate increase during deformation is quite
universal in glasses of linear polymers.

5.5. Nonaffine Deformation of Polymer-Chain Shape.
What is causing the increase in the rate of nonaffine displace-
ment for the polymer glass? One reason for the nonaffine
displacement is that covalent bonds prevent the separation of
the bonded particles. If particles would displace affinely, then
the equilibrium value of this chemical bond would be exces-
sively disturbed, accompanied with large forces. This will be
circumvented, so that the bond vector will not change affinely
with the deformation and hence the same for the particles
forming that bond. At much larger length scales such as the
end-to-end distance an affine response is possible; the internal
conformation of a long chain can be adjusted, while still
obeying to the equilibrium length of the covalent bond (the
effective spring constant associated with the end-to-end dis-
tance is much less stiff). Moreover, due to the glassy state the
relaxation time of spontaneous rearrangements at the scale of
the whole chain greatly exceeds experimental and simulation
time scales (as mentioned in section 1) so that the end-to-end
distance cannot adjust back toward the equilibrium value by
means of spontaneous relaxations. Hence, the end-to-end
distance will follow the imposed deformation much more
affinely. We therefore expect an increase in the affine re-
sponse, if we probe larger length scales. By means of measur-
ing the chain structure factor by means of neutron scattering
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of a polymer glass (PMMA, ref 44) it is indeed observed that
larger length scales behave more affinely. In simulations,
nevertheless, we can directly probe the internal distances of
the polymer chain.

We will use the following method to see the deviations
from affinity in a quantitative way. In section 3 the statistical
quantities to measure the internal distances are introduced.
We want to compare the deformed internal distances both to
the undeformed ones (the limit if the distances do not change
at all from the undeformed state) and to the internal dis-
tances if their response with deformation would be purely
affine (the ideal affine limit). This is realized by examining
the evolution of the characteristic ratio, eq 1, during defor-
mation normalized by the isotropic case

C0
nðεengÞ ¼ CnðεengÞ=Cnð0Þ ¼ ÆjrnðεengÞj2æ=Æjrnð0Þj2æ ð12Þ

Here the dependence of C0
n on the unstrained state is not

shown in the argument for the sake of a shorter notation. A
similar quantity was studied in ref 10, but there the focus was
on entanglement effects. Here we want to study it without
taking this into mind.

To see the deviations of the stretching at various scales
from the affine response, this affine response is also calcu-
lated. We use two different methods. The first method is to
affinely transform the coordinates of all particles at εeng=0
according to the relative change in box sizes, meaning that
for the x-components of the coordinates

xn, affðεengÞ ¼ λxxnð0Þ ð13Þ
with λx=Lx(t)/Lx(0). The coordinates in the direction of
the two other axes (y and z) are rescaled likewise. Afterward,
the characteristic ratio of the affinely transformed coor-
dinates is calculated. The second method is to assume
that the initial sample is isotropic in the sense
that 1

3
Æjrnj2æ ¼ Æjxnj2æ ¼ Æjynj2æ ¼ Æjznj2æ. The affine re-

sponse for the squared intrachain length scales including this
isotropy condition equals

Æjrn, affðεengÞj2æ ¼ 1

3
ðλx2þλy

2þλz
2ÞÆjrnð0Þj2æ ð14Þ

HenceC0
affðεengÞ ¼ 1

3
ðλx2þλy

2þλz
2Þwhich is independent of n.

Results for the normalized characteristic ratio of polystyr-
ene and polycarbonate are plotted as a function of εeng in
Figure 6, closed symbols. The ideal, affine responses are also

included. Open symbols are the result of calculating the
affine response by the first method. The results of the second
method, assuming that the sample would be isotropic before
deformation, are shown as solid lines (upper curves).

Note that the two ways of calculating the affine response
are close to each other, meaning that the samples can be
regarded as being isotropic (in this sense). For large n less
data points are available (poorer statistics) and the two
methods deviate more from each other.

The following observations are apparent from Figure 6.
As is expected, C1 and hence C0

1 are almost unchanged with
increasing extension, for polystyrene as well as for polycar-
bonate. This is due to the very rigid covalent bond. For
somewhat larger separations the internal distance is able to
increase, although the response is subaffine, see, e.g., the
evolution ofC0

30. For even larger separations an almost affine
response is present, see, e.g., C0

100. This internal distance
responds affinely up to about 15% for both polystyrene and
polycarbonate. For larger strains the relative deviation from
affinity for even C0

100 becomes larger.
We can conclude that upon deforming further, larger and

larger segments move in a nonaffine way for the two chemi-
cally detailed polymer models. This is in accordance with the
results of the bead-springmodel10 (and therefore refutes the
hypothesis that our chains would not deform nonaffinely as
mentioned in ref 17) and with what was found in section 5.4
for the increase in nonaffine displacement of beads upon
straining. As discussed earlier, the nonaffine bead displace-
ment at a fixed relative strain is also at a higher level at larger
strain origins. It is therefore plausible that the increase in the
relative nonaffine bead displacement at larger strains is
caused by the fact that at larger strains larger chain segments
move nonaffinely.

So a connection can be made between strain hardening,
nonaffine displacement of particles, and nonaffine stretching
of intrachain distances. If larger chain parts reshape non-
affinely, then the accompanying beads of the chain parts
move more nonaffinely as well. A larger force is needed to
move particles more nonaffinely, so that this leads to an
increase in the stress. So strain hardening is caused by the
more nonaffine reshaping of the internal distances of a chain.

Let us now focus on the differences between PS and PC.
For both polymers larger segments move nonaffinely at
larger inner length scales. The difference is the magnitude
of the effect. This is exemplified by the stretch of the internal
distance corresponding to n=30 at εeng= 0.5. For poly-
carbonate C0

30(0.5) is almost 30% of the affine value,
C0

aff(0.5), see Figure 6b. For polystyrene the response is

Figure 6. Normalized characteristic ratio C0
n(εeng) = Cn(εeng)/Cn(0) as a function of strain for (a) PS and (b) PC. Filled symbols with solid lines are

simulation results, while the open (higher) symbols are results as if the same sample would deform in an affine way. The top solid curve (in black) is the
affine approximation, eq 14.
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more affine for n=30; in this case 50% of the affine value is
reached at εeng=0.5, Figure 6a.

One could argue that the deviation from affine response
should be compared at equal contour lengths instead of
equal number of backbone bonds. Nevertheless, this does
not change the conclusion if we define the contour length as
the total length via covalent backbone bonds. This is justified
by the fact that the rms backbone bond length Ælbb,i2æ1/2 is in
fact very similar for both polymers. For PS Ælbb,i2æ1/2 =
1.53 Å. To determine the backbone bonds for PC we take
one of the shortest pathways via covalent bonds from
the start of one monomer to the start of the subsequent
monomer. In this way we encounter 2lCCdO-O, 2lO-Cþ,
2lCþ-CH, 2lCH-CH, 2lCH-C and 2lC-CT (see Figure 1b), mak-
ing Ælbb,i2æ1/2=1.42 Å.27 The difference between the PS and
PC rms backbone bond lengths is thus less than 10%, so that
also for equal contour lengths the nonaffine response is
larger for PC.

This behavior of amore nonaffine chain-shape response for
PC as opposed to PS can be connected to the previous finding
regarding the root-mean-square nonaffine beaddisplacement.
Also in terms of the bead displacements PC behaves more
nonaffinely than PS: the nonaffine displacement at a certain
value of εtrue,21 increases more with increasing strain for PC
than for PS (compare Figure 4a with Figure 4b).

5.6. Effective Chain Stiffness during Deformation. So
what would be the reason for the difference in increase in
the nonaffine response of the inner chain dimensions
between PS and PC? To answer this question we again take
a closer look at the internal distances of the chain. As
observed in the previous section covalent bonds will main-
tain their initial length (the bond will slip instead) and for
very large scales the behavior is also evident: if the maximal
extensibility of the chain is much higher than the draw ratio
and the relaxation time exceeds the time scale of deformation
(as is the case for the glassy state), the displacement at these
scales will be approximately affine. For particles within a
chain which are separated by several bonds the situation is
within these two limits and depends on the maximal exten-
sibility of the chain at that length scale. Previous simulation
studies on polymer glasses10 have only concentrated on the
deviation of the chain shape with respect to the affine
response and not with respect to the maximal extensibility.
To understand the behavior of the intrachain distances
during deformation it is crucial to also study this extensibility
limit.

At the scale of the Kuhn length, eq 2, the chain cannot be
extended any further and a nonaffine stretching of this length
cannot be circumvented. The maximal (reasonable) extensi-
bility at any internal distance n as a function of strain is the
ratio of the end-to-end distance of the fully extended chain to
the random-coil conformation of the chain

λn,maxðεengÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cn,max=CnðεengÞ

q
¼ rn,max

ÆjrnðεengÞj2æ1=2
ð15Þ

For the two simulated polymers the maximal draw ratio
λn,max is plotted in Figure 7 as a function of the maximal
extension rn,max for a certain number of backbone bonds n
and for various values of εeng (the method for determining
the fully extended state of PS andPC is described in appendix
A). If we do not use rn,max for the horizontal axis, but the
number of backbone atoms n, or the average backbone
length times the number of backbone atoms Ælbb,i2æ1/2n, then
Figure 7 hardly changes.

In Figure 7 we observe that an atactic PS chain is able to
extend much more than a PC chain for a certain fixed

distance along the chain, reminiscent of the observation that
the Kuhn length of PS is much lower than that of PC. This
implies that during a uniaxial-stress extension experiment,
the polystyrene chain is able to move more affinely, as is
illustrated in Figure 8.

Also noticeable in Figure 7 is that during deformation the
maximal extensibility λn,max(εeng) decreases for larger scales.
More and more segments are moving nonaffinely upon
straining, leading to an increase in the rate of nonaffine
displacements. Due to the observed correlation of the latter
with strain hardening in section 5.4, the latter leads to an
increase in the rate of plastic events and causes the hardening
in the stress upon straining. Obviously the decrease of the
maximal extensibility is caused by the stretching of the
chains. Can we understand in which way this extensibility,
and accompanied with it the intrachain distances, change
upon straining?

That can be easily determined by mapping the strained
chain on an effective freely jointed chain (FJC) (or on an
effective worm-like chain (WLC) if Lc/ls . 1, eq 5, as the
expression for theKuhn length, eq 2, is the same in this limit).
The large-scale internal-chain distances deform nearly affi-
nely, in a way given by eq 14. The effective stiffness of the
chain, however, increases, as can be concluded from the
following discussion.

First we consider a chain C in a one-dimensional space.
Let us denote the unperturbed, ideal chain by C(0). If that
chain would be stretched, so that the end points transform
affinely by a factor λ=1þ εeng (but donot exceed the contour
length Lc), then one can map the resulting deformed chain
C(εeng) on an effective isotropic, undeformed freely jointed
chain Ceff(0) but with the same contour length and average
end-to-end distance as the deformed chain C(εeng). This
effective FJC Ceff(0) has a Kuhn length which is different
from the Kuhn length of the unperturbed one-dimensional
chain prior to deformation C(0), as the end-to-end distance
of the effective chain Ceff (0) is larger than the end-to-end
distance of the unperturbed chain C(0). We will now define
the effective Kuhn length of the deformed chain C(εeng) as
being equal to the Kuhn length of the effective chain Ceff(0).
To avoid any confusion with the intrinsic Kuhn length of the
unperturbed chain C(0), we will call the effective Kuhn
length of a deformed chain C(εeng) the effective stiffness
length ls(εeng). Take x(0) to be the end-to-end distance of
the chainC(0). Then xaff(εeng)=λx(0) and hence the effective
stiffness length during deformation equals ls,aff (εeng) =
xaff (εeng)

2/Lc = λ2ls(0). So upon stretching the chain, the

Figure 7. Simulation results of the maximal extensibility λn,max (eq 15)
for PS (filled symbols) and PC (open symbols) as a function of the
maximal extension rn,max (approximately equal to the contour length)
for different values of strain εeng.
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effective perturbed-chain stiffness length starts to deviate
from the unperturbed-chain stiffness length;it increases.

The calculation in three dimensions is equivalent. A point
to mention is that now the chain shape will deform in an
anisotropic way. Therefore it is expected that the internal
distances of the effective chain Ceff will deviate from the
internal distances of the deformed chain. Nevertheless, we
can still define an effective stiffness length of the deformed
chain, by again equating the end-to-end distance and the
contour length of the deformed chain with an effective
nondeformed chain in the long-chain limit and taking the
Kuhn length of that effective chain as the effective stiffness
length of the deformed chain. If the end points of the
deformed chain transform affinely, the effective stiffness
length as a function of strain equals

ls, affðεengÞ ¼ lsð0Þ 1
3
ðλx2þλy

2þλz
2Þ ð16Þ

When assuming incompressibility, it is easy to see from
eq 16 that the effective stiffness length increases during
uniaxial extension. As the nonaffine particle displacements
during deformation increase with increasing stiffness length
it is natural to expect that the rate of nonaffine displacement
of the backbone increases with strain in a way similar to the
increase in effective stiffness length. This is illustrated in
Figure 8.

Due to the limited chain length in our simulations we
cannot determine the long-chain stiffness length ls by using
eq 2. Instead, we will use the worm-like chain expression,
eq 5, for determining the effective stiffness length. However,
the deformed chains are in generally anisotropic and there-

fore it is likely that the functional dependence of the intra-
chain distances would deviate from the renormalized ideal
WLC result. A possible direction of improvement would be
to replace the WLC model by a distribution of internal
distances that has more parameters and that takes the
anisotropy of the deformed chain explicitly into account.
For example, this could be necessary to explain the
Bauschinger effect in polymer glasses.

Nevertheless, on the basis of our simulation data, we can
conclude that mapping the deformed chain back onto an
isotropic WLC albeit with an increase in the effective stiff-
ness length does suffice for describing the internal distances.
This evidence is presented in Figure 9, where the normalized
squared intrachain length scales Æ|r|2æ/(Lcls) as a function of
the normalized chain contour length Lc/ls is displayed. If the
normalization is carried out by using the stiffness length of
the unperturbed chain the intrachain lengths increase with
strain, as expected. If, on the other hand, we fit the deformed
intrachain lengths as a function of contour length by the
intrachain lengths according to the isotropic WLC model,
eq 5, to determine the effective stiffness length and use this
effective stiffness length to normalize the intrachain and the
contour lengths, we see that the intrachain lengths do remain
approximately invariant under the influence of deformation
(both for PS and PC, see Figure 9). As with determining the
characteristic ratio (see appendix B.1 and B.2), the fit for
determining the effective stiffness length is confined to
contour lengths smaller than 3 stiffness lengths, because
the chains under consideration are not perfectly ideal for
large scales (the decline in the characteristic ratio, Figure 10
and appendix B).

Figure 8. Illustration showing that a chainwhich has a largerKuhn length (upper left chain, which has a pivoting point every fourth particle, indicated
by the lighter particle) needs more nonaffine displacement to stretch further than a chain with a smaller Kuhn length (upper right chain, which has a
pivoting point every second particle). The dotted arrows indicate the amount of vertical nonaffine displacement necessary for each particle in the two
upper chains if the two end atoms of each chain are displaced from each other by the same amount in the horizontal direction, i.e., horizontal extension.
Hence, the total vertical nonaffine displacement per particle of the stiffer chain on the left side is twice that of the more flexible chain on the right side.

Figure 9. The normalized squared intrachain length Æ|r|2æ/(Lcls) as a function of the normalized chain contour lengthLc/ls for (a) PS and (b) PC.When
normalized by the effective stiffness length ls(εeng) during deformation instead of the stiffness length of the unperturbed chain ls(0), the curve at a
strained state turns out to be almost superimposable on the unstrained curve, demonstrating that the intrachain lengths can be accurately described by
an increase in the effective stiffness length during deformation.
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To sum up, the effect of deformation on the intrachain dis-
tances can be interpreted simply as an increase in the effective
stiffness length of an equivalent WLC. Again, in this analysis
there is no need to consider the length scale at which entangle-
ments start to play a role or other entanglement effects (except
when the contour length between entanglements becomes stre-
tched, to be discussed later on). Also, in contrast to this analysis,
in the tube theoryof entangledpolymermelts in the linear regime
the stiffness length does not play a role,45 except indirectly in the
determination of the entanglement length and time scale.

What are the consequences of the increase in stiffness
length for the resulting stress-strain relation? In a simple
glassy system consisting of small molecules, no polymeric
strain hardening takes place, but straining occurs at an
approximately constant yield stress (apart from yield-peak
effects at small strains), also seen in simulations.41 Hence, if
the stiffness length of the unperturbed polymer chain is of the
order of the scale of the small molecules, then the increase in
the effective stiffness length has not much effect on the total
stress as this effect is overwhelmed by the background yield
stress of the equivalent small-molecule system. As the stiff-
ness length of unperturbed polystyrene is relatively small, it is
plausible that this mechanism is at hand with polystyrene.
The dominant initial nonaffine displacement is due to the
phenyl ring side groups (as shown in section 9.3 and
Figure 3); the nonaffine displacement of the backbone is
much less. The increase in the effective stiffness length of the
backbone will therefore not directly lead to much increase in
total nonaffine displacement; consequently a small strain-
hardening effect would be present.

If the stiffness length for the undeformed chain is, on the
other hand, much larger, and the nonaffine displacements of
the backbone atoms form a substantial part of the total
nonaffine displacement, then the increase in the effective
stiffness length does have an effect on the total nonaffine
displacement. As a result, the stress will significantly increase
at larger strains. If the stiffness length of the undeformed
chain is so large that it is not much smaller than the
entanglement length, the additional constraint from the
entanglements could lead to an enhanced stiffening (similar
to Langevin hardening2), an enhanced increase in the rate of
nonaffine displacements and therefore to a larger strain-
hardening modulus. However, it is not likely that this
enhanced increase is applicable for PS in the studied strain
range, since the contour length between entanglements is
about 400 Å for this polymer,46 substantially larger than its
Kuhn length of 17 Å (appendix B.3). We therefore expect
that entanglement effects are negligible for describing the
strain hardening behavior of PS in the studied strain regime.

Thepicture of stiffening for a higher effective stiffness length
is in accordance with some findings from literature. Stress-
strain relations of preoriented samples47 show a higher slope
after initial yield than unoriented samples. Also in this case the
maximal remaining extensibility is lower for the preoriented
samples. Moreover, it was observed experimentally that poly-
merswith ahighKuhn length tend tohaveahighvalueofGh.

12

A result found in ref 17 was that Gh(φ)=φGh(1) with φ the
monomer fraction of long chains (and 1 - φ the monomer
fraction of very short chains that do not show strain hard-
ening). This could be interpreted as17 that strain hardening
was primarily the result of a more densely entangled melt for
increasing φ (hence strain hardening would be caused by
entanglements). However, the result can also be explained by
the fact that the volume fraction of strain-hardening chains
simply increases. Upon assuming that the total stress is the
volume-fraction averaged sum of the stress of the pure
individual components and assuming that each component
can be described by eq 7 the result Gh(φ)=φGh(1) is easily
derivable without needing to refer to entanglements. It is,
however, to be expected that it breaks down for entangled
systems where a Gaussian description does not suffice.

6. Conclusions

In this study, we aim to find the microscopic mechanisms
underlying the strain hardening effect, a pronounced increase in
stress for large strains for polymeric glasses. By the support of a
comparative simulation study of polystyrene and polycarbonate
we acquire more insight in these mechanisms. For PC there is a
pronounced increase in stress for large strains (strain hardening).
For PS, conversely, this effect is much less prominent; the strain-
hardening modulus of PS as simulated by the molecular-dy-
namics method is about half the value of that of polycarbonate.
Our simulations thereby support the experimental results in
which also a huge difference in the strain-hardening moduli is
present. It is found that the rate of nonaffine displacement
increases when the material is extended further. It was demon-
strated earlier by ref 9 that the rate of changes in Lennard-Jones
bindingwas linearly correlatedwith the stress. If one assumes that
the rate of nonaffine displacement needed to strain the sample
further increases if the rate of changes inLJ binding is higher (as a
larger detour around the affine particle trajectory and thus more
nonaffine displacement implies that more LJ bonds need to be
broken to be able to make this detour), the conclusion must be
that strain hardening is due to this increase in the rate of nonaffine
displacement. This is in accordance with a measured quantitative
correlation between the latter and the strain hardening modulus
in the present study. The increase in the rate of nonaffine

Figure 10. Characteristic ratio Cn at T=300 K as a function of the inverse of the square root of the number of skeleton bonds for (a) PS and (b) PC.
Circles indicate the simulation results, crosses fits by eq 3, and solid lines fits by eq 3. Melt-chain fit results are for PS,C¥=8.2 and Æ|r|2æ /M=0.37 Å2

mol g-1, and for PC,C¥=1.7 (for lb,PC=12.63 Å) and Æ|r|2æ /M=1.1 Å2 mol g-1. Ideal-chain fit results are for PS,C¥=6.4 and Æ|r|2æ /M=0.29 Å2 mol
g-1; and for PC, C¥=1.3 (again for lb,PC=12.63 Å) and Æ|r|2æ /M=0.80 Å2 mol g-1.
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displacement occurs because upon stretching the sample local
chain parts (like covalent bonds and larger length scales) ap-
proach their maximal reasonable extensibility, requiring that
larger length scales need to move nonaffinely for larger strains.
It is shown that the nonaffine response of the intrachain length
scales (such as noticed in ref 10 for a bead-spring model) and in
the present study for both PS and PC can be understood in the
picture that the effective stiffness length (here the stiffness length
is determined by fitting the internal distances of the chain by the
worm-like chain results; in the limit of an infinite chain the
stiffness length coincides with the Kuhn length) of the perturbed
chain increases with increasing strain. As the Kuhn length of
polycarbonate is already larger than that of PS and the total
nonaffine displacement of PC is to a large extent determined by
the backbone atoms, the increase in the effective stiffness length
leads to an increase in nonaffine displacement, more energy
dissipation and hence a higher strain-hardening effect. For
polystyrene the Kuhn length is small and the major part of
nonaffine displacement is not caused by the backbone for the
studied strain range. Hence the expected increase in the effective
stiffness length during deformation does not lead to a substantial
increase in plastic flow, so that at moderate strains PS behaves
more like a simple glass without strain hardening, as opposed to
polycarbonate.
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Appendix

A. Fully Extended Chain. There are many ways to deter-
mine the chain stiffness. One of them, fitting the root-mean-
square end-to-end distance by the worm-like chain model
(results in appendix B.3), requires information about the
extended state. In the current appendix, we will determine
this state.

Two methods will be employed to determine the dimen-
sions of the fully-extended chain. The first one is to give a
rough estimate of it by a simple calculation based on an all-
trans configuration. In the secondmethod the chain is forced
to an extended state by means of molecular-dynamics simu-
lations. This will serve as a check for the calculations.

A.1. Fully Extended All-Trans Chain. For polystyrene the
maximal extension can be estimated as follows. The length of
a backbone bond vector is on average approximately lbb=
lCH2-CH=1.53 Å and the angle between subsequent back-
bone vectors equals θv = 180� - θCH-CH2-CH = 180� -
θCH2-CH-CH2

= 70.5�.48 Hence the distance between two
neighboring backbone CH units is 2lbbcos(θv/2)=2.5 Å. If
we assume that all backbone torsion angles are in the trans
state (i.e., three subsequent bond vectors lie in a plane and are
maximally separated), then rn,max,PS=1.25n Å (for an even
number of backbone bonds n). However, this is only an
approximation, as due to the phenyl-ring side group the
stable trans state deviates from a planar configuration of
three subsequent backbone bond vectors. The exact value of
the trans state also depends on the type of dyad. These
considerations render the maximally extended state slightly
smaller in reality.

For polycarbonate a similar calculation for the length of the
maximally extended chain can be carried out. If the carbonate
group is in the (extended) trans state, then the monomer unit
canbe regardedas consisting of one long virtual bondof length

lvb=12.63 Å.49 The accompanying angle between two subse-
quent virtual-bond vectors is θv=24.5�. This makes the length
of the cord vector connecting the centers of two adjacent
virtual bonds equal to lvbcos(θv/2)=12.3 Å. Since a virtual
bond consists of 12 backbone bonds, the maximal distance
between two segments separated by n backbone bonds equals
rn,max,PC=1.03n Å (for an evennumber of virtual bondvectors,
i.e., if the number of backbone bonds n is a multiple of 24).

A.2. Fully Extended Chain Produced by Simulations. To
check these all-trans-based model calculations, MD simula-
tions are applied for determining the maximal extension of
the polymer chains. We realize this by adding a very weak
spring with potential Ul ¼ kl

2
ðl-l0Þ2 between the first and

the last atom of a single polymer chain in vacuum, with l0 a
typical distance which is somewhat larger than the maxi-
mally extended state of the chain and l the instantaneous end-
to-end distance of the chain. Then the force constant klof this
extension spring is increased to drive the chain to its extended
state. As the covalent bonds in the chain are modeled by stiff
harmonic springs, their lengths are not constant and the
chain could in principle be infinitely extended. In order to
still be able to define a reasonable maximally extended
state, an extra criterion is added, namely that the length
of the covalent backbone bond should not increase more
than 1/3 of the average fluctuation around the equilibrium
value.

For the polystyrene chain this procedure is carried out at
T=300 K using l0 equal to 1.25n Å, as the real extended
dimension is anticipated to be less than this. Subsequently
the force constant of the extension spring is increased until
kl=17 kJ mol-1 Å-2 (and equilibrated shortly afterward
for about 50 ps), as at this value the average length of
the backbone bond is increased by 1%. This corresponds
to about 1/3 of the relative fluctuation in the bond length
1
Ælæ

ffiffiffiffiffiffiffiffiffiffiffi
ÆΔl2æ

p
for the undeformed polymer chain in the glassy

state at T=300 K.
For the 10-monomer polycarbonate chain the same pro-

cedure is carried out. To achieve a similar relative extension
of a similar backbone bond (the backbone bond between C
andCT, seeFigure 1 of ref 27 for the naming convention), the
value of l0 was set to 124 Å. Also for this chain the increase in
the backbone bond (1%) is about one-third of the relative
fluctuation of the same bond length for the isotropic case.

Summarizing this section, the end-to-end distance for the
extended chain determined by the simulation method differs
from the calculation by 2% for polycarbonate and less than
1% for polystyrene. This shows that despite the assumptions
made in the calculations the final result is still reasonably
accurate. The simulation results will, however, be used, as for
shorter distances larger deviations do occur between the two
methods.

B. Intrachain Length Scales of Vitrified Polystyrene and
Polycarbonate. B.1. Characteristic Ratio of Polystyrene.
The simulation results for the characteristic ratio for poly-
styrene together with the fits by eqs 3 and 4 are seen in
Figure 10a). In the definition of the characteristic ratio a bond
length lb is needed. For PS lb is taken to be the equilibrium
length of a backbone C-C bond, lb,PS=1.53 Å.50 The values
for Æ|rn|2æ/Mn are calculated by usingMn ¼ ðn=nchÞMchwhere
nch and Mch are the total number of skeleton bonds and the
total mass of a chain, respectively.

A few findings are apparent. The first is the long-chain limit.
For our simulated polystyrene we findC¥=8.2 atT=300K by
using eq 3 as a fit and lb,PS = 1.53 Å. This value is close to the
(slightly larger) experimental values C¥=8.7-9.6 from small-
angle neutron scattering of a melt of polystyrene51 at T=390-
520KandC¥=9.9-10.2, resulting fromviscositymeasurements
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around 308 K for various solvents.28 A different simulation
result for a united-atommodel of polystyrene isC¥=10.2 atT=
400K.33A local forcefield calculation givesC¥=11.0.52 Coarse-
grained simulation results ofPSareC700=8atT=500K,53C80=
6.5 at T=450 K,54 C¥=8.5 at T=300 K55 and C¥=8.5 at
T=463 K.56

Note that the ideal-chain fit formula, eq 4, would produce
a much lower C¥, namely 6.5. Although the range where the
fit describes the datawell is about the same for eqs 4 and 3,we
can conclude that the melt-fit, eq 3, gives a more realistic
estimate of C¥.

The second finding is the functional behavior of the char-
acteristic ratio. For short separations (small n) the character-
istic ratio rises with increasing n, near n=25 the maximum is
achieved and for larger n it decreases again. This decrease is
not to be expected for ideal chains. One might be tempted to
think it is purely due to a bad equilibration at high tempera-
ture.Nevertheless, the equilibration of a PS chain at 600K for
more than 0.3 μs resulted in the same peak in Cn, while the
average mean-square displacement of the atoms with respect
to the center of mass of the chain exceeded twice the square
radius of gyration of the chain. Such a peak inCn is also found
in a study of a melt of equilibrated relatively short chains.57

The peakwas shown to vanish for longer chains. One physical
reason could be the stiffness-variation along the chain in a
polymer melt58 (the stiffness near the end of a chain can be
much lower than in the middle). The peak may be somewhat
more pronounced because of the temperature-dependence of
the characteristic ratio of polystyrene59,52 in combinationwith
the finite cooling rate. To sum up, the characteristic ratio C¥
of the simulated polystyrene is close to the experimental
values.

B.2. Characteristic Ratio of Polycarbonate. The character-
istic ratio is also calculated for the polycarbonate chains, see
Figure 10b. For this polymer the monomer unit consists of
different types of covalent backbone bonds, each with their
own length. Instead of equaling lb to an average covalent
bond length, a longer virtual bond28 is used, as long as it
consists of a rigid object. The length of the virtual bond is not
unique and different conventions are in use: lb,PC=12.63 Å
for one virtual bond per monomer;49 lb,PC=8.65 Å60 or
lb,PC=7.0 Å61 for two virtual bonds per monomer. We will
adopt lb,PC =12.63 Å. As a result we acquire in case of
the melt-chain fitC¥=1.7 and Æ|r|2æ/M=1.1 Å2 mol g-1 and
in case of the ideal-chain fit C¥=1.4 and Æ|r|2æ/M=0.80 Å2

mol g-1. The experimental value for polycarbonate in a
θ-solvent in which the intrinsic viscosity was converted to
Æ|r|2æ/M28,61 is Æ|r|2æ/M=0.87 Å2 mol g-1. A configuration
analysis says Æ|r|2æ/M=0.85 Å2 mol g-1.61 However, more
recent small-angle neutron scattering experiments on
polycarbonate melts give Æ|r|2æ/M=1.2-1.3Å2molg-1 62,63

and other configurational analysismodels predict Æ|r|2æ/M=
1.1 Å2 mol g-1 64,65 and Æ|r|2æ/M=1.0 Å2 mol g-1.66,67

These results show that by making use of the melt-chain fit
the experimentally measured melt-chain dimensions are
reproduced in the case of polycarbonate.

B.3. Kuhn Lengths of PS and PC.Another way to compare
the simulation results to the experimental values is to deter-
mine the stiffness length by mapping the results of Æ|r(Lc)|

2æ
on the worm-like chain (eq 5). For an infinity longworm-like
chain the stiffness length would then equal the Kuhn length.
In order to map the two studied polymers on the worm-like
chain the contour length is needed. As a contour length we co-
uld take the length in the maximally extended state. To correct
for any errors in this length we assume that Lc,n=Rrn,max with
R a free fit parameter. A fit of Æjrnj2æ=Lc, nvs Lc,n for the two
studied polymers onto the analogous expression for the

worm-like chain (determined by eq 5) renders correction
factor values R≈ 1.05, i.e., the fitted contour length is about
5% larger than the maximal extension. The fitted values of
the so-determined stiffness lengths are ls,PS=12 Å and ls,PC=
21 Å if we confine the fit to the range n=1-40.

Literature values for the Kuhn length are for polystyrene
lK=17 Å and polycarbonate lK=29 Å.60 In that reference these
values were calculated by using the relation lK= lb(1 þ C¥).
These literature values are higher than our simulation results if
we use ls= lK. As theWLC has the same asymptotic behavior
as the ideal-chain formula of Cn (eq 4) and both lK and C¥ are
measurements of stiffness we can apply the discussion in
sections B.1 and B.2 here as well. For example, the deviations
aremainly causedby the relatively short chainsweare studying.
Other simulation results also demonstrate this, such as of some
polyesters68 and of the bond-fluctuation model.69 Although
our measured stiffness lengths are lower, they are so in a
persistent way. Therefore the worm-like-chain fit is still valu-
able in studying changes in the stiffness length. The reason for
using the WLC in the main text is that it leads to a better
description of the chain structure at small scales andwewant to
use it for determining the stiffness length of the chains in the
deformed samples.

To sum-up this appendix section, by means of MD
simulations it is found that PC has a larger Kuhn or stiffness
length than PS (ls,PS = 12 Å and ls,PC = 21 Å), thereby
confirming the same trend in literature data. This is primarily
caused by the phenyl rings within the backbone and the rigid
backbone carbon in the propane group of PC. In this respect
PC can be considered to be stiffer than PS.63 Nevertheless,
PC is is often considered to be a very flexible polymer.61,70

This is because polycarbonate can be regarded as a nearly
freely rotating chain albeit with a relatively large segment
length. So with respect to the large virtual-bond length the
chain is very flexible, as we found for the melt chain fit C¥=
1.7 (compared to PS, C¥=8.2). With respect to a typical
backbone-bond length, such as the length between two
carbon atoms, the characteristic ratio is higher, making PC
a stiffer chain.

Note Added After ASAP Publication. This article was
published ASAP on July 15, 2009. Several typographical
errors in section 5 of the manuscript have been corrected.
The correct version was published on August 4, 2009.

Supporting InformationAvailable: Text giving details on the
polycarbonate force field used including figures showing its
monomer unit and the bonded coordinates and a table giving
the united force field data. This material is available free of
charge via the Internet at http://pubs.acs.org.
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